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Abstract 
Inverse descents of permutations and r-multipermutations are defined and various properties 
of their distributions are discussed. A nice connection between posets of compositions and 
Stirling permutations is given. 
1. Introduction 
The idea of rank selected subposets of a finite poset P of rank n and the correspond- 
ing functions a(P, S) and /?(P, S) where SC (0, 1, . . . , a} are discussed in Stanley’s book 
[12, pp. 131-1351 which were developed in [ll, Chapter II]. In this paper, we 
generalize his idea to multisets and the r-multipermutations introduced in [lo] in 
which various statistics on them are studied. Then we count the r-multipermutations 
by a given inverse descent set and later by the maximal inverse descent set. Let us 
begin with multisets and the r-multipermutations. 
A multiset of a set S is a function f from S to the set of non-negative integers. If 
S=(m,,..., m,}, we write (m{‘““, . . . , WIN{} for the multiset. For each mi in S,f(m 1) 
is called the multiplicity of mi. Intuitively, a multiset is a set with possibly repeated 
elements. Let us begin by considering permutations of multisets of a set S, which are 
words in which each letter belongs to the set S and for each mcS the total number of 
appearances of m in the word is the multiplicity of m. Thus 1223231 is a permutation 
of the multiset { 1 2, 23, 32}. In particular, we consider a special set of permutations of 
the multiset [n](‘)= (l’, . . . , n’}, which is defined as follows. 
Definition 1.1. An r-multipermutation of the set {m 1, . . . , m,} is a permutation 
a1 . . . urn of the multiset {m;, . . . , mi}, where if i<j<k and ai=ak then aj>ai. 
Example 1.2. There are three 2-multipermutations 1122,1221,2211 of the multiset 
[21c2)= { 12,22} and 223332 is a 3-multipermutation of the multiset {23, 33j. 
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Remark. We call r-multipermutations in the case r = 2 Stirling permutations and we 
denote the set of ordinary permutation of the set [n] by S, and the set of r- 
multipermutations of the multiset [n](‘) by St’. 
2. Inverse descents 
Now we extend Stanley’s idea (see [ll, Chapter II] for more information) to 
multisets. Let B be a function defined on the subsets of [n-l] and define CI on the 
subsets of [n-l] by ol(S)=CTcsB(T). Extend M to multisets on {O,l, . . . ,n} by 
C1({O’“O,lm’ )...) nm”})=Cl({lm; )...) (n-l)“L-I}), 
where rn; =min(m, 1). Define a function A on sequences of non-negative integers with 
sum n by 
A(s1, . . . ,Sk)=C(((SrrSi+S2 )...) sl+..e+sk}). 
Then we claim that for n>O 
cc A(s1, . . . ,Sk)tk= 
k=O S,,...r& 
(l-t)“+’ ’ 
(2.1) 
where the sum is over all sequences sl, . . . , Sk of non-negative integers with sum n and 
for n =O this is /I(@/(1 -t). One can easily prove this as follows. By linearity it is 
enough to assume that 
B(s)= 1 if S=S0, 
0 otherwise. 
LetSo={l”‘,..., (n-1)m~-1}whereeachmiisOor1andsetmo=Oandm,=1.Then 
@({O’“, “‘Y~‘~))= 
1 if liami for each i, 
So the left-hand side of Eq. (2.1) is equal to 
c 
tlo+...+l,_ 
tl+(m~+m2+~~~+m,-~) 
- 
Ii3rnz 
(l-t)“+’ . 
Therefore, we obtain the following lemma. 
Lemma 2.1. 
where the sum is over all multisets of [n- l] and T is over all subsets of [n- 11. 
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Instead of looking at the descent set of the inverse of a permutation we use the 
inverse descent set of the permutation which is defined as follows. 
Definition 2.2. The inverse descent set of an r-multipermutation ~,...a,, of the multi- 
set [n]“’ is the set of i (i = 1,2, . . . , n - 1) such that some i + 1 occurs to the left of some 
I in ar...a,,. 
Example 2.3. The inverse descent set of the Stirling permutation 23324411 is {1,2}. 
Now let S be a multisubset of [n- 11, cc(S) be the number of r-multipermutations 
whose inverse descent set is contained in the set S and let p(S) be the number of 
r-multipermutations whose inverse descent set is the set S. 
Then ~(S)=&M. paset ,!?(T), and c1 and p satisfy the conditions of Lemma 2.1. 
To motivate our approach we first apply it to ordinary permutations. Let 
S={sl,sl+sz,...,sl+sz+...+~k_l}~[n-l] and let s~=II-((s~+s~+...+s~_~). 
Then cc(S) counts shuffles of 12...sl, s1 + 1 s1 +2...sI +sz, ... (i.e., it counts the number 
of permutations of the set [n] whose inverse descent set is contained in S). So 
LY(S)=A(sl, . . . ;sk~=(~~)~~~s~)...~~+s~~~~~+s~)=sl~s~~..sk~ . 
First, we evaluate 
g’(k)= 1 A(Sl, . . . ,Sk). 
s,+...+.Q=n 
To do this we set 
Fj/‘(x)= c 
S,,...,&20 
xsl+...+sk(~~)(y2)...(h+s2+&...+sk), 
so that p!,‘)(k) is the coefficient of x” in FL’)(x). Then 
X 
s1+sz+...+sJ( 
sk-l 
1 
1 
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Clearly, F,(x)= 1. It follows by induction that Fk(x) = l/(1 - kx) which yields 
Pil)(k) = k”. Therefore, we obtain the Eulerian polynomials. 
Proposition 2.4. 
~~~~~“(k)x*=ap,(x)/(1 -x)n+l , 
where A!,“(x) counts permutations in S, by inverse descents. 
Remark. This shows that descents and inverse descents have same distribution on 
permutations of the set [n]. 
If we put Gh’) = xFi’)(x) then we have 
Gil’(x) = &F!?, (&)=%(&). (2.2) 
A recurrence relation for &j(k) is obtained as follows. 
@(k)= c ‘! 
sl+...+s*=n 
sl! sz!“‘sk! 
I=0 sl+...+sx_,=n-l 
n 
= c P;‘?,(k- 1) n 
I=0 0 1 
Therefore, we obtain Proposition 2.5. 
Proposition 2.5. For 
kal, P;l’(k)=&=l”(k-l) ; , 
0 
pp(O)=&,, Pi’)(l)= 1. 
l=O 
Now let us move to r-multipermutations. First we need to build some back-ground. 
Letf(x) be any formal power series. The iterate of order k off, denoted by f <k', is 
defined as follows: 
f co> =x ) f<l'=1; f<2'=fof,...,f<k'=fof<k_1'. 
Definition 2.6. We define the following operators on the ring of formal power series. 
C,(g)=9 of; and A,=C.-I, 
where I is the identity operator. Obviously, Cf(g)=g 0 f ck'. 
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We use the notation O(xk) to denote some unspecified formal power series in which 
every term is divisible by xk (cf. [S, p. 1061). Then we have the following fact. 
Lemma 2.7. Z,etf(x) and g(x) be formal power series. Suppose that f(x) = x + 0(x’+ ‘), 
r> 1 and g(x) = 0(x’). Then A/(g)= 0(x’+‘). Moreover, [x”]f’j’ is a polynomial in j of 
degree at most L(n - 1)/r 1. 
Proof. By Taylor’s theorem, 
gof=g(x+o(x’+‘)) 
=g(x)+g’(x)o(x’+‘)+o(g”(x)x2’+2) 
=g(x)+O(xS-‘)O(x’+‘)+O(X2’+s) 
=g(x) + o(x’+s). 
It follows by induction that 
d/(x)=x+0(x’+‘) 
d~(x)=o((x+o(x’+‘))‘+‘)=o(x2’+i) 
d~(x)=o((x+o(x’+‘))2’+‘)=o(x3’+r) 
A)(x)=o(x”+‘). 
Since C,-= A,+I, 
+(A,+l)‘=k ; A). 
i=O 0 
Therefore, 
Cx”lf <j> = 
Now [x”] A>(x) is 0 unless n 3 ir + 1. So the sum can be restricted to id(n- 1)/r. 
Hence, 
to- l)/rJ . 
Lx”] f<j> = 
= 0 i O : Cx"1 A)(x). 
This is a polynomial of degree at most L(n - 1)/r J in j. 0 
Let us express Gi” in terms of the iterate. As we did earlier, put G~l)(x)=xF~l’(x). 
Then we have 
(2.3) 
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Therefore, in terms of the iterate. 
Now let G~“(x)=~,“=,p~“(k)x”“. Then by Lemma 2.7, p!,“(k) is a polynomial in 
k of degree at most n. In fact, since 
we obtain p:‘)(k) = k” as expected. 
Stirling permutations can be built up in the same way. In other words, if we let 
s={sl,sl+s2,...,s1+s2+... +$-I} c [n-l] and let s,‘=n--s,+s,+“.+sk_r, and 
let LX(S) be the number Stirling permutations of the multiset [n]“’ whose inverse 
descent set is contained in S, then we can easily get 
This is because for each j (j = 1,2, . . . , k - 1) if we want to have s1 + ... + sj+ r for an 
inverse descent we have to choose sj+ I spaces out of 2(s1 + ... +sj)+ 1 spaces with 
repetitions allowed to insert the numbers s1 +...+sj+sj+ 1 + 1, s1 +...+sj+2, 
si + ... +Sj+3, . . ..Sl+"'+Sj+Sj+l in this order. Hence there are 
2(Sl+"'+Sj)+Sj+1 
sj+l 
ways. 
A similar argument shows that for general r we have the following lemma. 
Lemma 2.8. 
(2.4) 
Let 
Then we obtain 
Ff’(x)= c 
S,, . . . . s,_,>o 
XSl+...+sk_, @:) (rsls;s2)... (‘61 +s2+';;~%2)+sk-l) 
1 C-1 
r(s,+...+stml)+l 
x l-x 
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Let Gf’(x) = x Ft’ (xl). Then 
Gf’(x) = & F$‘l I ((&)?=w (&J (2.5) 
Together with Gg)=x we can simply write 
So Gf’(x) is obtained by composing x/(1 -xl) with itself k times. Therefore, from 
Lemma 2.7, we obtain the following proposition. 
Proposition 2.9. Let Gf)(x) =CTzO Pt)(k)x’“+‘. Then p:)(k) is a polynomial in k with 
degree n. Moreooer, A:)(t) in Ci=-, p!,“)(k)tk =At)(t)/(l - t)mfl counts r-multipermuta- 
tions by inverse descents. 
As we did with ordinary permutations we can derive a recurrence relation for p!,?(k) 
from (2.5) as follows: 
m 
c c rll+1 P(r)(k)x’” + 1 = n 
n=O n 
= 
c 
p”‘(k-l)x’“+’ n 
n 
= ” c p”’ (k _ l)x’n + 1 
“, 1 
(“~~+l) (l=n+m) 
= pl’)(k-l)x’“+l 
c 
“, I 
(“+J’_i”‘) (1 c, n). 
Therefore, we obtain the following proposition. 
Proposition 2.10. For k > 1, 
p:‘(k)= 2 pl”(k- 1) I=o (‘+(:;‘)‘), p!?(0)=6,0, and pt’(l)=l. (2.6) 
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Remark. Hence, 
&$‘(+p’,“(k+ 1)+&f (n+4+)p?'(k). 
I=0 
There is a combinatorial interpretation of the recurrence relation (2.6), which we 
describe for the case r = 2. One can easily modify this idea to general r. Let alaz~~~az, 
be a Stirling permutation of the set [n]“‘. By a ‘pass’ of a Stirling permutation n we 
mean a subsequence of z of the form ilili2i2...ikik where il < ..- < ik. The empty set is 
a pass. For instance, if rc= 1455412233 then we can have a pass 2233. A ‘reading’ of 
passes is a shuffle of passes which yields a Stirling permutation. For example, one can 
have a reading 1455412233 from passes 11,2233,& 44,55. It is easy to see that p!,“(k) is 
the total number of readings with k passes of all Stirling permutations of [n]‘*‘. 
Now let us look at the q-analog of Lemma 2.8. We start with the ordinary case r = 1. 
Let 
x,(S)= c qin+. 
IIE s, 
D(n)cS 
Then the following is easy to see because of the combinatorial interpretation of the 
q-multinomial coefficients. (Due to MacMahon, see [l, p. 41-J or [12, p. 1321.) 
Let 
Fjy(x)= f tlq(s)xs’+“.+sk . 
n=O 
Then 
s1+ .** +s, 1 xs,+“.+s* Sl, .-., sk 
= I[ S1 ,..., Sk_,20 ‘:tr:::,~k”rr’]xs,+...+~~_~ rl+;;+sk]x,
s1+ .**+s,_, = 
sl,**.,sk-1 1 
Xs,f...+st_l 
(x)s,+...+sl_,+l . 
For general r we get the following formula by taking almost identical steps as 
above. Let 
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Then 
Now if we put Ft)(x, q)=Z;zoff:~n, then 
Fp(x, 4)= f++. 
n=O xm+1 
Moreover, if one sets Gf)(x, q)=xFf’ (xr, q), then 
Gjf’(x, q)= rf:l z. 
n=O 
Now define a linear transformation 0, on formal power series of the form 
C.“=, a,~” by 
Note that for q = 1, 0, (J(x) reduces to f(x/(l -xl)). So 0, is a q-analog of composition 
with x/( 1 -x’). Then Gf’(x,. q) = Of(x). 
3. Maximal inverse descent 
It is interesting to see how many r-multipermutations of the set [n]“) there are 
whose inverse descent set is maximal, i.e. equal to the set [n - 11. First we look at the 
case of Stirling permutations. We number each of the 2n+ 1 spaces of the Stirling 
permutation ulu2...a2n from 0 to 2n from left to right. Let us call them positions, so 
position 0 is the front, position 2n is at the end, and position i is the space between 
ai and Ui+l for i=1,...,2n-1. 
To count Stirling permutation with inverse descent set [n - l] we count the number 
of sequences plp2 ...pn with p1 =O, O<pi<pi_ 1 + 1, since if we insert k’s position p then 
we have to insert (k + 1)‘s in a position which is less than or equal to p + 1. If b, is this 
number, then we obtain the following lemma. 
Lemma 3.1. 
n-l 
b,= C bkb,_l_k(n>l), bo=l. 
k=O 
(3.7) 
Proof. For a given such a sequence plp2...p. we put a bar before the second 0 to split 
it into two subsequences: the first subsequence and the second subsequence. If there is 
no second 0 we place the bar at the end. Then we subtract 1 from each entry in the first 
subsequence while discarding the first 0. Then it is clear that the number of sequences 
is bk for the first subsequence and bn_l_k for the second. 0 
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Let f(x) = C.“= 0 b,x”. Then we have f(x) = 1 + xf(x)‘. So we get x~(x)~ -f(x) + 1 = 0 
which gives us 
l-JGG m 1 
f(4x)= 2x 
=;ZI(Z)xn, 
Therefore, we obtain the following result which shows that b, is a Catalan number. 
Proposition 3.2. 
1 
b,=- 
2n 
0 n+l n ’ 
Although we proved this algebraically using generating functions it is interesting to 
see a combinatorial proof. There are many combinatorial interpretations to the 
Catalan numbers but I choose the following two. 
First, since it is well known that (1-,/-)/2x is the generating function for 
(increasing) lattice paths of horizontal and vertical steps from (1,O) to (n + 1, n) on the 
xy-plane which do not touch the line y=x except at the end, there should be 
a bijection between the set of such paths and the set of sequences pl”.p. with p1 =O, 
O<pi<pi-, + 1. We construct lattice paths as follows: first, we replace each pi by 
i-l-pi for l<i<n. Then the sequence p1(1-pz)...(i-l-pi)...(n-l-p,) is non- 
decreasing because (i - 1 -pi) -(i - 2 -pi _ 1) = 1 + pi _ 1 -pi > 0. NOW we assign each 
i- 1 -pi to a horizontal step (i, i- 1 -pi) to (i+ 1, i- 1 -pi). Then each of such 
sequence forms a lattice path from (1,0) to (n+ 1, n). It is obvious that all such paths 
do not touch y = x. Moreover, one can easily recover from a path to the sequence and 
this gives a bijective proof. 
Example 3.3. In the sequence 012231, n=6; so if we apply the above construction 
012231 =S 000114. 
The second bijective proof comes from the well-known fact that the number of 
binary trees on n vertices is a Catalan number. We construct binary trees from the 
sequence pl.. +pn as follows: 
(1) p1 =0 is the root. 
(2) If pi=pi_1+1, pi is a right son of pi_1. 
(3) If pi’pi-1, pi is a left son Of pi-l. 
(4) If Pick, pi<pi-1, pi is a left son of last pj=k, j<i. 
To recover the sequence from a tree one can use either ‘depth-first search’ (see [6]) 
or ‘preorder traversal’ by Knuth [8]. Knuth’s preorder traversal is simply described as 
follows. ‘Visit the root, then traverse the left subtree, then traverse the right subtree’. 
But because of present construction we define the preorder traversal as ‘Visit the root, 
then traverse the right subtree, then traverse the left subtree’. 
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Fig. 1. 
Example 3.4. If we have the sequence 0 1” lb 2” 3” 3b 4” 4b 2b 2’ 1’ 2* I* in which the 
same numbers are distinguished by superscripts, one can find the following binary 
tree by applying the algorithm. To recover the sequence, apply preorder traversal 
(cf. Fig. 1). 
To count r-multipermutations of the set [n](‘) with inverse descent set [n- l] we 
generalize the idea in Lemma 3.1. In other words, we count the number of sequences 
p1p2...~n with pl=O and O<pi<pi-i +(r-1). Let bt’ be this number. 
Lemma 3.5. 
b(r) = 
n c bi;’ bit’. . . b!‘,‘, b6” = 1. 
~lr12>...,b., 
O<iI,i2 ,..., i,<n-1, 
r,+.,.+i,=n-1 
Proof. Let plpz ...pn be a such sequence. First we discard the p1 =O. Let L,_ 1 be the 
longest initial subsequence p2p3 “.p,, with each entry pi>r- 1. Let Lr_2 be the longest 
initial subsequence with each entry 3r-2 after L,_ 1 is removed. Continue this 
process until we have Lo. Note that Lk(k=O, 1, . . . . r- 1) may be empty. We subtract 
k from each entry of the subsequence L,. Then we have I such sequences. So the proof 
follows. 0 
Proposition 3.6. 
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Proof. Let f(x)=~=,, bc’x”. Then by Lemma 3.5 we have f(x)= 1 +f’(x). By the 
Lagrange inversion formula (for more information see [2] or [7]), 
4. Pose& of compositions and v-multipermutations 
Let P be a finite ranked poset of rank n with unique minimal element d and unique 
maximal element 1. For any subset S={s1,s2+s2, . . ..sl +...+s,} of [n- l] we define 
c+(S) to be the number of chains d = x0 < x r < ...-cx~<x~+~=~~ in which the rank of 
Xi is Sl+..* + si. Also we define fip(S) by +(S)=CTES BP(T). Then by Inclu- 
sion-Exclusion /I(S) = CTES( - l)l’-rl~( T). 
Now let P be the poset of compositions of { 1,2, . . ., 2n + l> with every part odd and 
ordered by reverse refinement which is the partial order in which b = b I...bj covers 
a=al...ai if a is obtained by replacing 3 consecutive entries of b by their sum. For 
example, 13111 covers 133 which covers 7. Let am(S) be the number of Stirling 
permutations with inverse descent set ID c S. 
Theorem 4.1. aID = c+.(S). 
Proof. From a Stirling permutation a I ...uzn with inverse descent set SC {si, s1 + 
s2, . . ..sr+ ... + sj> c [n - l] we construct a corresponding chain in P as follows. 
First the composition 2n+ 1 is the minimal element 6. Now we write down 
(2n + 1) *‘s. Then there are 2n spaces between the *‘s. We separate these *‘s by insert- 
ing bars in the spaces as follows. We look at numbers from 1 to s1 in u,...uzn. Insert 
2s I bars into the spaces in which the numbers 1, . . ., s 1 occur. We think of the bars 
as dividing the *‘s into blocks. Then we count the number of *‘s in each block to get 
a composition of (2n + 1) with 2si + 1 parts. Notice that each part must be odd, 
since between the same two numbers in a Stirling permutation there must be an even 
number of spaces. Let us denote this composition by x1. Next insert 2sz bars into 
the spaces in which the numbers s 1 + 1, . . ., s 1 + s z occur. Then by adding the number 
of *‘s in each block we get a composition with 2(s 1 +sz) + 1 odd parts, say x 2. 
Then obviously x 2 > x 1. By continuing this process we obtain a chain 
i&xa<xr<... <xj=l. The rank of Xi is sI+ . ..+si since the rank of xi in P is (the 
number of parts - 1)/2, which is s I + ... +si. One can easily reverse these steps to 
recover the Stirling permutation. 0 
Corollary 4.2. BP(S) is the number of Stirling permutations whose inverse descent set is S. 
Example 4.3. Let n = 3. Then we get the poset P in Fig. 2 with 6 = 7 and ^i = 1111111. 
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Fig. 2. 
Let rc= 113322. Then S = (2). We write down 7 *‘s and insert bars in spaces 1,2,5,6 
of 6 spaces which corresponds to 1122 for s I = 2. That is, * I* I* * * I* ( *. Counting *‘s 
between bars we get 113 11 which covers 0 = 7. Then insert two 3’s in the remaining 
spaces 3 and 4, * 1 *I * I * I * I * I *, which gives us 1 1 1 1 1 1 1 = 1. Therefore, the correspond- 
ing chain is 7~11311+1111111. 
For a given Stirling permutation 
7Z= ( 1 2 . . . 2n a, a2 . . . a2n b 
denote 71-l as follows: 
Cl= (il,li2) ( {i,fi,j 1:: ii,._:, i2”) f > 
where n(izk_ I) = 7~(i~~)= k. Then we define the descent set of n-l as the set 
{kli2k>i2k+l, k=l,2 ,..., n- l}. Then it is clear that the inverse descents of rc and the 
descent set of z-r are equal. 
For example, if 
123456 
7C= 
133221 
then 
2 3 
{4,5} {2,3} 
and inverse descent set of II = { 1,2) = descent set of 71-l. 
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123456 
1234 1236 1256 1456 3456 
12 16 56 36 34 14 
Fig. 3. 
Now we represent the poset P by an isomorphic poset p where each composition in 
P is replaced by the set of positions where separations of blocks happen. For instance, 
a composition 11311 of 7 is replaced by {1,2,5,6}, and 313 by {3,4). We now label 
each edge (X, Y) of p where Y covers X by Y-X. Then it is easy to see that a maxima1 
chain in P consists of a sequence of labels which preserves inverse descents of 
corresponding Stirling permutations. 
Example 4.4. Fig. 3 is the poset P corresponding to the poset P in the above example. 
Let rc= 123321. Then S={l, 2) and the corresponding chain in the poset P is 
7-+151-+11311-+1111111. 
By the above construction we have the following maximal chain in p. 
O- 
(l-6) 16z 
1256= 123456. 
Thus the chain consists of { 1,6}. {2,5} ’ (3,4j so its inverse descent set is {1,2) as 
expected. 
We can generalize the idea of Theorem 4.1 to r-multipermutations. Let Q be the 
poset of compositions of { 1,2, . . ., m + l} in which every part is equal to 1 (mod r) and 
ordered by reverse refinement which is the order that b= bl--.bj covers a=al...ai if 
a is obtained by replacing r+ 1 consecutive entries of b by their sum. For example, if 
r = 3 and n = 3 then 1411111 covers 1711 which covers 10. Let CC&S) be the number of 
u-multipermutations with inverse descent set IDcS. Then we have the following 
which generalizes the previous theorem. 
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Theorem 4.5. xlD(S) = Q(S). 
Corollary 4.6. Be(S) is the number of r-multipermutations whose inverse descent set is S. 
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